Harary and Palmer announced an enumeration problem of labelled selfcomplementary graphs at the end of their book (Graphical Enumeration, Academic Press, New York and London, 1973). This paper resolves this problem. A method for solving this problem leads to the derivation of following formulas: (a) A formula on the number of labelled graphs with the given order of automorphism groups of those graphs. (b) A formula on the number of unlabelled graphs with the given order of automorphism groups of those graphs. (c) A formula on the number of labelled self-complementary graphs with the given order of automorphism groups of those graphs. (d) A formula on the number of unlabelled self-complementary graphs with the given order of automorphism groups of those graphs.
Introduction
This paper considers finite graphs. They do not have multiple edges nor loops on vertices. Harary and Palmer [5] announced many graphical enumeration problems at the end of their book, including an enumeration problem of labelled self-complementary graphs. This paper resolves the latter problem. A method for solving this problem leads to the derivation of following formulas: (a) A formula on the number of labelled graphs with the given order of automorphism groups of those graphs. (b) A formula on the number of unlabelled graphs with the given order of automorphism groups of those graphs. (c) A formula on the number of labelled self-complementary graphs with the given order of automorphism groups of those graphs. (d) A formula on the number of unlabelled self-complementary graphs with the given order of automorphism groups of those graphs.
A formula on the number of unlabelled graphs was given by Harary [3] by using Pólya theorem [6] . This number is found by taking the sum of the numbers in (b) over the orders of the automorphism groups of those graphs. The enumeration of unlabelled self-complementary graphs dates back to the Read's investigation [7] in 1963 and Read [7] gave a formula on the number of unlabelled self-complementary graphs, by using De Bruijn's theorem [1, 2] . This number is found by taking the sum of the numbers in (d) over the orders of the automorphism groups of those self-complementary graphs.
In the section 2 we consider to assign a number to each labelled graph. This assignment is very useful in the sense that from the number having been assigned to a graph, the graph can be uniquely determined. The section 3 discusses about the auotmorphism groups of graphs. The section 4 treats the enumerations of labelled graphs and unlabelled graphs with the orders of automorphism groups of those graphs. In the section 6 we treat the enumerations of labelled self-complementary graphs, which is a main purpose in this paper, and the unlabelled self-complementary graphs.
The indexes of graphs
For a positive integer n let V be the set {1, 2, ..., n} and let V 2 = {{i, j} ⊂ V |i = j}. We here denote each element {i, j} of V 2 by ij when i < j and by ji when i > j. For a subset E of V 2 we call the pair (V, E) a labelled graph or a graph on V . |V | is called the order of the graph and E is called the edge-set of the graph. We define a bijection w from
where λ = n 2 and p ij = (2n−i)(i−1) 2
. Let G n be the set of all labelled graphs of order n and let N n = {0, 1, 2, 3, · · · , 2 λ − 1}. We define a map N from G n to N n by
N (G) is called the index of G. We consider the binary number representation of an integer L satisfying 0 ≦ L ≦ 2 λ − 1 and the binary number of L is denoted by L (2) , where L (2) is a number of n 2 figures. For example a decimal number 29 is represented as the binary number 011101, whose leading digit "0" is not omitted. In the binary number L (2) of L, the p ij -th digit is written by L (2) ij for each element ij ∈ V 2 . The binary number of the index N (G) of a labelled graph G is denoted by N (2) (G) and its p ij -th digit is written by N (2) ij (G). The index N (G) of a labelled graph G = (V, E) has the following property:
We first give the following result.
Proof. Consider L ∈ N n . If L = 0, then for the empty graph G whose edge-set is empty, we have
(2) ij = 1} as its edge-set is an element of G n and it is obvious that N (G) = L holds. For
. This fact implies that N (G 1 ) is not equal to N (G 2 ). Hence N is bijection.
As an illustration, consider a graph G = (V, E = {13, 14, 23, 34}) on V = {1, 2, 3, 4}. Since p 13 = 2, p 14 = 3, p 23 = 4 and p 34 = 6, it is easy to check that N (G) = 29 and N (2) (G) = 011101. Conversely, a binary number L (2) = 011101
yields the labelled graph with the index L, since L
This graph is what was given in the beginning of this illustration.
The complement G of a graph G = (V, E) is the graph on V with edge-set
It is easy to see that N (2) (G) is obtained by interchanging 0 and 1 in N (2) (G).
Graph and group
Let A be the symmetric group on V . In this paper we assume n ≧ 3. Each permutation α in A induces a permutation α ′ which acts on
The permutation group A ′ = {α ′ |α ∈ A} is called the pair group of A. The degree of A ′ is λ and A ∼ = A ′ , since n ≧ 3. For a graph G = (V, E) and α ∈ A, the graph which has {{αi, αj} ∈ V 2 |ij ∈ E} as its edge-set is denoted by αG. For a graph G, an element α in A satisfying αG = G is called the automorphism of G. The automorphism group Γ(G) = {α ∈ A|αG = G} of G is called the group of G, and the number of elements which belong to the group is called the group-order.
A graph G is said to be self-complementary if G and G are isomorphic, that is, if there exists α ∈ A such that αG = G holds. It is well-known that every self-complementary graph G has n ≡ 0, 1( mod 4) vertices. Note that while a self-complementary graph G is isomorphic to G, G and G do not have the same index. Let S n be the set of all labelled self-complementary graphs on V . Then we define a set A S = {α ∈ A|∃G ∈ S n , αG = G} and we also define a set
be the set of all cycles in the disjoint cycle decomposition of α ′ . Then the following lemma can easily be seen from the definitions of Γ(G) and A S (G).
holds.
(
(ii) For α ∈ A and G ∈ G n , G is a self-complementary graph satisfying αG = G, that is, α ∈ A S (G) if and only if for each z ∈ Z(α ′ ),
Proof. (i) is immediate from the combination of (3) and (i) in Lemma 1. We next prove (ii). Let E be the edge-set of G. Then (3) can be written as follows:
Therefore, it is easy to see from (3), (8) and (ii) in Lemma 1 that the desired result is obtained.
Theorem 2. Let K(P ) be the set of all labelled graphs of order n all of which have a property P and let ξ be a positive integer. If the group-order of the group of every graph in K(P ) is ξ, then the number of graphs which belong to K(P ) and which are not mutually isomorphic is ,that is, the number of unlabelled graphs in K(P ) is given by
Proof. Let l(G) be the number of ways of labelling a graph G. Then using a well-known
, we get the equality (9), since |Γ(G)| = ξ for G ∈ K(P ). This complete the proof.
We have the following results with respect to self-complementary graphs.
Theorem 3. Suppose that G is an element of S n . Then for any α ∈ A S (G),
Proof. It follows that for any
Theorem3 gives the following.
For α ∈ A let m k (α) be the number of cycles of length k in the disjoint cycle decomposition of α. Then we prove Theorem 4. Let n be a positive integer satisfying n ≡ 0, 1( mod 4). Then α is an element of A S if and only if the following condition holds:
for k = 2, 3, ..., n.
Proof. Suppose α ∈ A S . Then there exists G ∈ S n satisfying αG = G. Accordingly, it is easy to see that the length of each cycle in Z(α ′ ) must be even. This fact implies m 1 (α) ≤ 1 and m k (α) = 0 for odd k(≧ 3). If α has a cycle of length 2k providing k is odd, then it generates a cycle of odd length k in α ′ which contradicts the fact that the length of each cycle in Z(α ′ ) is even. On the other hand, suppose that the permutation α of A satisfies the conditions (10) and (11). Then the length of each cycle in Z(α ′ ) for the permutation α ′ ∈ A ′ induced by α is always even. Accordingly, we can construct the binary number
(2) ij = 1} as its edge-set, (ii) in Lemma 2 tells us that G is a selfcomplementary graph of order n satisfying αG = G. Hence we have α ∈ A S .
Counting of graphs
For each z ∈ Z(α ′ ) in α ∈ A, we consider
Then to α ∈ A there corresponds the following polynomial of x:
where f
Let us consider the generating function for labelled graphs of order n
α (x) for α ∈ A, and let c L be the coefficient of x L in the power series expansion of F (n) (x). Then the following equality is an immediate consequence of (15):
Let f (x) be a polynomial of x. Then by the symbol a n x n f (x), a n x n will mean the term in the polynomial f (x). On the other hand, If a n x n is not any term of f (x), that is, if a n x n f (x), we use the convention a n = 0. Let lg(n) = |G n |. Then lg(n) is equal to 2 λ , since |G n | = 2 λ , as well-known.
L ||, which has a row for each α ∈ A and a column for each G ∈ G n , provided that c
Since by Theorem 1 there is a one-to-one correspondence between G n and N n , the column corresponding to G ∈ G n is referred to as the N (G)-column. α (x) is 1, we have c
From the observation of (13) there exists a subset
Thus if we consider the labelled graph G ∈ G n whose edge-set is {ij ∈
is equal to the group-order of the group of labelled graph having the index L.
Proof. In the matrix M (G n ), (16) 
If we consider two sets: O(G
Property 2 gives the following theorem, which states that the list of the group-orders of the groups of all graphs of order n can be obtained by expanding F (n) (x).
For ξ ∈ O(G n ), let lg(n; ξ) be the number of labelled graphs G of order n such that |Γ(G)| = ξ, and let g (n) ξ be the number of unlabelled graphs G of order n such that
(n) (x)}. Then we have the following three theorems.
Theorem 6. The equality
Proof. As seen from the statement of Property 2 and its proof, each labelled graph G in G n having |Γ(G)| = ξ is associated with the N (G)-th column of M (G n ) whose column sum is ξ, and each element of L ξ (G n ) is also associated with a column of M (G n ) whose column sum is ξ. Accordingly, lg(n; ξ) is the number of columns of M (G n ) whose column sum is ξ and also |L ξ (G n )| is the number of columns of M (G n ) whose column sum is ξ. Hence we obtain the equality (17), noting Theorem 5.
Theorem 7. @ The equality
Proof. In Theorem 2, let P denote the property that the group-order of the group of a labelled graph in G n is ξ. Then K(P ) is the set of all labelled graphs G in G n satisfying |Γ(G)| = ξ, that is, |K(P )| = lg(n; ξ). Hence using Theorem 2, Theorem 5 and Theorem 6, the equality (18) is obtained.
Let g(n) be the number of unlabelled graphs of order n. A formula on g(n) has been given by Harary [3] . But an enumeration method having been here presented will derive a formula on g(n), which is stated in the following.
Theorem 8. The number g(n) of unlabelled graphs of order n is given by
ξ , using Theorem 5 and Theorem 7, we get the equality (19).
Numerical results for graphs
We have the numerical examples for n ≧ 3, since n ≧ 3 in this paper. Table  1 gives the numerical examples for labelled graphs. Each pair (ξ, lg(n; ξ)) in the Table 1 shows the number lg(n; ξ) of labelled graphs of order n with the group-order ξ for a few small values of n ≧ 3. The last column of Table 1 shows the number lg(n) of labelled graphs of order n, which is well-known. On the other hand, Table 2 gives the numerical examples for unlabelled graphs. Each pair (ξ, g (n) ξ ) in the Table 2 shows the number g (n) ξ of unlabelled graphs of order n with the group-order ξ. The last column of Table 2 shows the number g(n) of unlabelled graphs of order n. 
Counting of self-complementary graphs
In this section we make a consideration about the enumeration of selfcomplementary graphs. This enumeration is made along the argument in the preceding section. Let n, throughout this section, be an integer satisfying n ≡ 0, 1( mod 4) and n ≧ 4. For α ∈ A S , the length of each cycle in Z(α ′ ) is always even. We denote a cycle z ∈ Z(α ′ ) by z = (i 1 j 1 , i 2 j 2 , · · · , i k−1 j k−1 , i k j k ). The cycle can be represented in some forms in the usual cyclic representation, as well-known. For example, the cycle(12, 23, 34, 14) can also be written (23, 34, 14, 12), (34, 14, 12, 23) or (14, 12, 23, 34). We assume that the leading position of z is occupied by the element at which the value of w is the maximum among those elements of z. Let P 1 (z) = {i 1 j 1 , i 3 j 3 , · · · , i k−1 j k−1 } be the set of elements in the odd position in the cycle z and let P 2 (z) = {i 2 j 2 , i 4 j 4 , · · · , i k j k } be the set of elements in the even position in z. Then, note that for ij ∈ z, ij ∈ P 1 (z) if and only if z(ij) ∈ P 2 (z). For each z ∈ Z(α ′ ) in α ∈ A S , we consider
Then to α ∈ A S there corresponds the following polynomial of x:
where u 
3 ( 
Let lsc(n) = |S n | be the number of labelled self-complementary graphs of order n. Then we shall show that lsc(n) is equal to the number of terms in the power series expansion of U (n) (x). For G ∈ S n , there exists α ∈ A S satisfying αG = G. It is seen from (ii) in Lemma 2 that the index N (G) of G satisfies
ij (G) = 1} , then it follows from (24) that P (z) agrees with either P 1 (z) or P 2 (z). Furthermore, if we put W (z) = ij∈P (z) w(ij) for each z ∈ Z(α ′ ), then it is easy to check that
, which implies that this term is appeared in the power series expansion of U (n) . Since N is a bijection from G n to N n by Theorem 1, we have the following theorem.
L be the coefficient of x L in the power series expansion of U (n)
α (x) for α ∈ A S , and let d L be the coefficient of x L in the power series expansion of
. Then the following equality is an immediate consequence of (23):
Consider an
L ||, which has a row for each α ∈ A S and a column for each G ∈ S n , provided that d
L in the former. Thus the column corresponding to G ∈ S n is referred to as the N (G)-column.
Also, note that L = 0, since we assume that n ≧ 4. Put Z(α ′ ) = {z 1 , z 2 , · · · , z k } and put I = {1, 2}. Then from the observation of (21) there exists a k−tuple
It can easily seen that the binary number L (2) satisfies
Thus if we consider the labelled graph G ∈ G n whose edge-set is {ij ∈ V 2 |L (2) ij = 1}, then it is obvious that its index N (G) is L, and (ii) in Lemma 2 tells us that G is a self-complementary graph satisfying α ∈ A S (G). As seen at the end of the proof of Property 1, since L (2) is determined by L, vice versa, L is determined by L (2) , the k-tuple (l 1 , l 2 , · · · , l k ) being discussed just above can be uniquely determined by L. This implies that d
This property states that for α ∈ A S , every coefficient of the power series expansion of U (n) α (x) is 1.
is equal to the group-order of the group of labelled self-complementary graph having the index L.
Proof. In the matrix M (S n ), (25) denotes the L-th column sum. The L-th column is associated with the labelled self-complementary graph G having the index N (G) = L, and (25) becomes
If we consider two sets:
Property 4 gives the following theorem, which states that the list of the group-orders of the groups of all self-complementary graphs of order n can be obtained by expanding U (n) (x).
For ξ ∈ O(S n ), let lsc(n; ξ) be the number of labelled self-complementary graphs G of order n such that |Γ(G)| = ξ, and let s (n) ξ be the number of unlabelled self-complementary graphs G of order n such that
Theorem 11. The equality
Proof. As seen from the statement of Property 4 and its proof, each labelled graph G in S n having |Γ(G)| = ξ is associated with the N (G)-th column of M (S n ) whose column sum is ξ, and each element of L ξ (S n ) is also associated with a column of M (S n ) whose column sum is ξ. Accordingly, lsc(n; ξ) is the number of columns of M (S n ) whose column sum is ξ, and also |L ξ (S n )| is the number of columns of M (S n ) whose column sum is ξ. Hence we obtain the equality (26), noting Theorem 10.
Theorem 12. @ The equality
Proof. In Theorem 2, let P denote the property that the group-order of the group of a labelled self-complementary graph in S n is ξ. Then K(P ) is the set of all labelled self-complementary graphs G in S n satisfying |Γ(G)| = ξ, that is, |K(P )| = lsc(n; ξ). Hence using Theorem 2, Theorem 10 and Theorem 11, the equality (27) is obtained.
Let sc(n) be the number of unlabelled self-complementary graphs of order n. A formula on sc(n) has been given by Read [7] . But an enumeration method having been here presented will derive a formula on sc(n), which is stated in the following.
Theorem 13. The number sc(n) of unlabelled self-complementary graphs of order n is given by
Proof. Since sc(n) = ξ∈O(Sn) s (n) ξ , using Theorem 10 and Theorem 12, we get the equality (28).
Numerical results for self-complementary graphs
This section gives the numerical results for self-complementary graphs of a few small orders n satisfying n ≡ 0, 1( mod 4). Table 3 gives the numerical examples for labelled self-complementary graphs. Each pair (ξ, lsc(n; ξ)) in the Table 3 shows the number lsc(n; ξ) of labelled self-complementary graphs of order n with the group-order ξ. The last column of Table 3 shows the number lsc(n) of labelled self-complementary graphs of order n. On the other hand, Table 4 gives the numerical examples for unlabelled self-complementary graphs. Each pair (ξ, s (n) ξ ) in the Table 4 shows the number s (n) ξ of unlabelled selfcomplementary graphs of order n with the group-order ξ. The last column of Table 4 shows the number sc(n) of unlabelled self-complementary graphs of order n. 
